Von Neumann stability analysis of quantum difference equations in loop quantized spacetimes has often proved useful to understand viability of quantizations and whether general relativistic description is recovered at small spacetime curvatures. We use this technique to analyze the infra-red behavior of quantum Hamiltonian constraint in recently explored modifications of loop quantum cosmology: mLQC-I and mLQC-II, for the spatially flat FLRW model. We investigate the behavior for µ o scheme, where minimum area of loops in quantization procedure does not take physical metric in to account, and theμ scheme where quantization procedure uses physical metric. The fate of stability of quantum difference equations is tested for massless scalar field as well as with inclusion of a positive cosmological constant. We show that for mLQC-I and mLQC-II, difference equation fails to be von Neumann stable for the µ o scheme if cosmological constant is included signaling problematic behavior at large volumes. Both of the modified loop quantum cosmologies are von Neumann stable forμ scheme. In contrast to standard loop quantum cosmology, properties of roots turn out to be richer and intricate. Our results demonstrate the robustness ofμ scheme (or 'improved dynamics') in loop quantization of cosmological spacetimes even when non-trivial quantization ambiguities of Hamiltonian are considered, and show that µ o scheme is non-viable in this setting.
I. INTRODUCTION
Loop quantum cosmology (LQC) is an application of techniques of loop quantum gravity (LQG) to quantize symmetry reduced spacetimes, which leads to a quantum description where the quantum Hamiltonian constraint is a difference equation instead of a differential equation as in WheelerDeWitt theory [1] . The origin of difference equation is tied to the underlying quantum geometry which also fixes the discreteness in the quantum difference equation. The high level of symmetry reduction performed at the classical level in LQC often leads to various routes to quantization leading to quantization ambiguities in these models which may even differ qualitatively in their predictions. An important exercise is to rule out some of these ambiguities by performing various physical consistency checks, such as checking the predictions of the quantized model in large volume and low curvature limit where it should agree with classical general relativity (GR). One way to ensure the correct infra-red behavior, or agreement with GR at large volumes, is to demand that the solutions of the difference equations approximate the solutions of the Wheeler-DeWitt quantization in the infra-red limit which is known to capture solutions of GR extremely well at macroscopic scales (see for eg. Refs. [2, 3] ). This problem can be studied by using von Neumann stability analysis, which is conventionally used to understand viable discretizations of a given differential equation. In the present context, where quantum difference equations are fundamental, it has proved to be useful tool to gain insights on understanding infra-red behavior of quantum Hamiltonian constraint in cosmological [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and black hole spacetimes [14, 15] . Interestingly, this technique provides a valuable complementary path to phenomenological studies using Friedmann and Raychaudhuri equations which are often used to rule out various quantization ambiguities by demanding a consistent infra-red behavior [16] . Quite often von Neumann instability is linked to phenomenological problems discovered independently using effective Hamiltonian dynamics, and von Neumann stability guarantees viable physical description at macroscopic scales [13] . Our goal in this manuscript is to apply the von Neumann stability analysis to two quantizations of the spatially flat FLRW model first proposed in [17] , and revived in recent studies [18] [19] [20] [21] , which differ in non-trivial ways from LQC.
The standard loop quantization of the spatially flat FLRW model carried out in [2, 3, 22, 23] utilized the fact that after symmetry reduction, the two terms constituting the Hamiltonian constraint (referred to in the literature as the Euclidean and the Lorentzian terms), when expressed in terms of the holonomy-flux variables of LQG, turn out to be proportional to each other. Thus, the Lorentzian term can be subsumed into the Euclidean term before quantization, leading to 'standard LQC'. But one can treat Euclidean and Lorentzian terms separately on lines of LQG using Thiemann's regularization of Hamiltonian constraint [24] , which is generally the route since combining these two terms is only possible when certain symmetries are present. This led Yang, Ding and Ma to propose two modifications of LQC [17] (or mLQC for modified LQC [21] ) which have been recently found to yield qualitatively different physics than LQC [18] [19] [20] [21] while preserving main features of generic resolution of cosmological singularities [25] . The two modifications of LQC are referred to as mLQC-I and mLQC-II (following notation of Ref. [20] ). The mLQC-I quantization proceeds by treating Euclidean and Lorentzian terms independently, where as mLQC-II is obtained by further utilizing the fact that the Ashtekar-Barbero connection in case of spatially flat FLRW model is proportional to the extrinsic curvature of spatial slices. Thus, the extrinsic curvature in the Lorentzian term can be substituted by the Ashtekar-Barbero connection, leading to a qualitatively different quantum Hamiltonian constraint which results in mLQC-II.
The mLQC quantizations are different from standard LQC in many ways. The difference equations of mLQC are fourth order compared to the second order difference equation obtained in standard LQC. The effective dynamics of mLQC-I leads to an asymmetric bounce where the present classical universe is connected through the bounce to a past universe that remains quantum in the asymptotic past [18, 20] . 1 This is in contrast to standard LQC where the universe is classical both in asymptotic past and asymptotic future but passes through a Planckian quantum phase only at the bounce. In contrast to mLQC-I, even after non-trivial changes in the structure of quantum Hamiltonian constraint the effective dynamics of mLQC-II leads to a symmetric bounce qualitatively similar to standard LQC [17, 20] . Due to the fact that the difference equations are now fourth order, these models lead to a much richer phenomenology compared to standard LQC. Recall that in Planck regime, modified Friedmann dynamics in LQC results in a bounce via modifications which are quadratic in energy density [2] . Whereas, the common feature of mLQC-I and mLQC-II is that they lead to modifications in effective Friedmann and Raychaudhuri equations with terms of order higher than quadratic in energy density [20, 21] . The kinematical phase space of the effective dynamics is shown to consist of two different branches owing to different roots of the conjugate variable (b) of volume, rather than just one branch in LQC. In mLQC-I, the two branches are intertwined with each other at the bounce to describe the evolution. 2 Whereas in mLQC-II, only one branch describes the entire evolution while the other branch is unphysical and irrelevant. The emergence of these new quantizations calls for a thorough investigation of the properties of quantum difference equations and their infra-red behavior to gain insights on their viability.
Let us recall that there are additional quantization ambiguities arising from the choice of loops for evaluating holonomies of the connection in the field strength in the Hamiltonian constraint. These are named the µ o quantization (or 'old LQC') [3, 22] and theμ quantization or 'improved dynamics' introduced in Ref. [2] . The key difference in these quantizations is that the µ o scheme does not use the information about the physical metric in assignment of areas of the loops, resulting in µ o to be a numerical constant. In contrast,μ scheme takes physical metric carefully in to account. In the latter,μ is not constant but depends inversely on the scale factor in the physical metric. It is well known that the µ o quantization in standard LQC is problematic due to several reasons [1, 2] , including lack of an infra-red limit which becomes clearly evident for matter violating strong energy condition [16, 28, 29] . As an example, in presence of a positive cosmological constant the µ o quantization of standard LQC results in large deviations from GR at late times leading to an unphysical recollapse [16] . This deficiency, first seen via effective dynamics, is captured by von Neumann instability of the quantum difference equation in standard LQC [11, 13] . Interestingly, for matter which satisfies strong energy condition, such as a massless scalar field, such effects are tamed and LQC difference equation is von Neumann stable. But since µ o scheme fails for inflationary spacetimes or in presence of positive cosmological constant it is phenomenologically non-viable. In contrast, all the problems of µ o scheme were overcome inμ scheme in standard LQC. In this case, the quantum difference equation is von Neumann stable for matter ranging from a massless scalar field to a positive cosmological constant, thus covering the entire range of weak energy condition, resulting in a viable phenomenology (see Ref. [30] for a review). The ambiguities of µ o andμ schemes are also present in mLQC-I and mLQC-II. In fact, the first mLQC-I quantization of the spatially flat FLRW model was obtained in the µ o scheme in [31] . Later, both mLQC-I and mLQC-II quantizations using theμ scheme were obtained in [17] . The work of Dapor and Liegener [18] on obtaining an effective Hamiltonian using coherent states for mLQC-I is also based on µ o scheme. Using effective dynamics, phenomenological implications ofμ scheme for inflationary spacetimes have been studied in Ref. [21] for mLQC-I and mLQC-II, but little is known about the viability of µ o scheme in mLQC-I and mLQC-II.
It is to be noted that the application of von Neumann stability analysis to the difference equations of loop quantum cosmologies differs in motivation from its usual applications in numerical methods. In its conventional applications, von Neumann stability analysis is applied to analyze the efficacy of finite difference schemes used to approximate partial differential equations (PDEs). Stability ensures that the solution of the finite difference scheme remains close to the solution of the PDE. In contrast, in loop quantization of cosmological spacetimes there is no fundamental differential equation that the difference equation approximates. Rather the quantum difference equation obtained in the process of quantization is fundamental. However, we expect the semiclassical solutions of these difference equations to approximate GR very well in the low curvature and large volume limit, which can be ensured by demanding that these solutions approximate the solutions of (differential) Wheeler-DeWitt equation. However, these solutions of difference equation must be stable under fluctuations in approximating GR in the large volume limit, i.e. these fluctuations must not grow unbounded in loop quantum evolution as universe becomes large and classical. It is in this context that we apply the von Neumann stability analysis to loop quantum difference equations in the large volume limit to ensure the correct infra-red behavior. As we will see, the von Neumann stability analysis leads to a condition on the roots of an algebraic equation obtained from Fourier analysis of the difference equations which yields important information on the stability or instability of the underlying difference equation.
The plan of this manuscript is as follows. We begin in Sec. IIA by reviewing different routes to loop quantization of spatially flat FLRW model that lead to quantization ambiguities in Hamiltonian constraint. For completeness, we discuss stability of difference equations in Sec. IIB and describe the von Neumann stability analysis. In Sec. III, we analyze the stability of the mLQC-I model using both µ o andμ schemes, for massless scalar field as well as positive cosmological constant, and, in Sec. IV we analyze the mLQC-II model in both the schemes. We find that though mLQC-I and mLQC-II yield von Neumann stable difference equations for µ o scheme in the case of massless scalar field, the difference equations are unstable when cosmological constant is included. This signals problematic behavior at large volumes as is the case with standard LQC. However, the difference equations inμ scheme turn out to be stable in both mLQC-I and mLQC-II models. We conclude with a summary of results in Sec. V.
II. PRELIMINARIES
In Sec. II A, we lay out the procedure to obtain Hamiltonian constraint for the spatially flat FLRW model in terms of Ashtekar variables in LQC. This allows us to identify some of the quantization ambiguities in the process which result in modified loop quantum cosmologies (mLQC-I and mLQC-II). As mentioned in the introduction, unlike LQC, in mLQC-I and mLQC-II the Lorentzian and the Euclidean terms are quantized separately without combining them at the classical level. Differences between mLQC-I and mLQC-II arise from the treatment of extrinsic curvature as a connection in the latter. In this section, we also discuss the physical differences between the µ o and µ schemes and the natural choice of basis states in each case for deriving the difference equations. To assist comparison with earlier literature, we follow the notation of [17] in this section. Sec. II B provides a brief introduction to the method of von Neumann stability of finite difference equations which is used in subsequent sections to understand viability of mLQC-I and mLQC-II. For further details of this method, see for eg. Ref. [32] .
A. Some quantization ambiguities in Hamiltonian constraint
In LQC, in order to pass to the quantum theory, the Hamiltonian formulation of GR is first reformulated in terms of Ashtekar variables -the connection A i a and the densitized triad E a i . Since LQC is the loop quantization of symmetry reduced cosmological models, in case of spatially flat FLRW spacetime, the classical gravitational phase space variables can be symmetry reduced as [22] 
where { o e a i } and { o ω i a } are a set of orthonormal triads and co-triads respectively, and V o is the volume of an elementary cell V (with respect to the fiducial flat metric o q ab ) which is introduced to define a symplectic structure. The Poisson bracket between the symmetry reduced phase space variables is given by,
where κ = 8πG and γ is the Barbero-Immirzi parameter. The classical gravitational Hamiltonian constraint for lapse N = 1 can be written as,
where we denote by H E and T the Euclidean and the Lorentzian term respectively. In case of spatially flat FLRW spacetime, their expressions reduce to,
We note that above expressions are proportional to each other, which allows one to combine them into a single term at the classical level to get H grav = −3c 2 |p|/κγ 2 . The loop quantization of this symmetry reduced Hamiltonian constraint where the Lorentzian term is combined with the Euclidean term leads to the standard LQC, with a quantum Hamiltonian constraint as a second order finite difference equation [1] . The modified versions of LQC arise when these terms are quantized independently. In addition, in the flat model one can use
to write an alternative expression for the Lorentzian term as:
Classically the two expressions (2.5) and (2.7) for the Lorentzian terms are equivalent to each other. However, these two expressions for the Lorentzian term leads to qualitatively different models. The quantization obtained from taking the expression (2.5) as the starting point is known as the mLQC-I quantization. And the quantization based on the expression (2.7) is called mLQC-II quantization.
To obtain the quantum Hamiltonian constraint, the next step is to express the Hamiltonian constraint in terms of holonomies. For this, let us first note that the terms involving triads in (4.19) can be rewritten as:
Next, the field strength F i ab is represented using the holonomy h each with respect to the fiducial metric o q ab . The field strength can then be written as [2] :
where Ar 2 is the area of the square loop and τ i = −iσ i /2 where σ i are Pauli spin matrices. The holonomy h (λ)
2 ij around the square is given by the product of the holonomies along its four edges:
where the holonomies h
of the connection are given by,
along edges of length λ parallel to the triads o e a i . Note that the extrinsic curvature can be rewritten using the following identities:
and the Poisson brackets of A i a with V or K can be computed using:
14)
The above expressions suffice if λ is a constant such as in the µ o quantization of LQC [3] , but not if it is a function of triads as in theμ quantization [2] . In the latter case,μ 2 |p| = ∆, with ∆ = 4 √ 3πγ 2 Pl as the minimum area of the loop in LQG. As a result, the expression (2.15) needs to take in to account triad dependence of λ and one uses:
Using above expressions, it is possible to cast the Hamiltonian constraint completely in terms of the holonomies and the triads or volume V = |p| 3/2 . In the µ o scheme, the fundamental operators are the triadsp and elements of holonomies exp(iµ o c/2), which have a simple action on the eigenstates of the triad operator [22] :
In theμ quantization, the operator exp(iμc/2) has a complicated action on the basis states |p due to dependence ofμ on the triad itself. Interestingly, the action is simple in the volume representation in which the action of exp(iμc/2) yields a uniform difference equation. In particular, in the volume
where α = 2/3 3 √ 3. Using the action of these basic operators, we can calculate the action of the Hamiltonian constraint on the basis states which results in a finite difference equation with discreteness determined by the area gap ∆. As we will discuss in Secs. III and IV the difference equations turn out to be fourth order for mLQC-I and mLQC-II. As in LQC, for µ o quantizations, the difference equations are uniform spacing in triad representation, whereas in theμ quantization they are of uniform discreteness in volume representation.
B. Von Neumann stability analysis of finite difference equations
In its conventional applications, stability analysis plays an important part in obtaining reliable numerical simulations of PDEs using finite difference methods. The defining feature required of a faithful finite difference scheme is convergence, which implies that its solutions should approximate the solutions of the corresponding PDE and that the approximation improves as the step sizes tend to zero. The first step in obtaining a convergent numerical scheme is to find a consistent scheme which ensures that the difference equations approximate the corresponding differential equations as the step sizes decrease. However consistency by itself is not sufficient to ensure convergence. A fundamental theorem in numerical analysis due to Lax and Richtmyer [33] states that a consistent finite difference scheme for a PDE with a well-posed initial value problem is convergent if and only if it is stable. Stability of a finite difference scheme ensures that the numerical errors (with respect to the solutions of the underlying PDE) made at any one time step do not grow exponentially at further steps in the computation. Due to stability, the solutions remain close to the solutions of the PDE under evolution, and approach them in the limit of vanishing discretization. The conditions for stability are in fact closely related to the well-posedness of initial value problem for PDEs [32] . The von Neumann stability analysis involves Fourier transforming the difference equations. As a result, the stability condition becomes a condition on the roots of an algebraic equation obtained from Fourier transform of the difference equation. As an illustration, consider the simplest case of a linear PDE in two variables with constant coefficients:
This can be discretized using a one-step finite difference scheme as follows: 20) where h t and h x are constants that represent the discretization in time and space respectively, and |m, n represents the value of the solution on a discrete set of points where n labels the discrete time slices and m represents discrete spatial points in each time slice. The above difference equation can be recast to express the value of the function at time slice n + 1 in terms of its values at various spatial points at time slice n:
where a = ah t /h x is a constant that depends on the discretizations in both t and x. Stability requires that the norm of the solution at any time t is limited in the amount of growth from its initial value. The von Neumann analysis allows us to express this condition in terms of a simple algebraic condition involving the discretization parameters by performing a Fourier transform of the difference equation. Performing the Fourier transform in the spatial coordinate, reduces the difference equation to, 22) where the amplification factor g(s) relates the value of the solution at one time step to its value at the next time step. The von Neumann stability condition requires that we must have |g| ≤ 1 to suitably limit the growth of the numerical solution [32] . In case of higher oder PDEs, we get a polynomial equation in the amplification factor g with multiple roots. Stability conditions then require that |g| ≤ 1 for all the roots of the polynomial equation. 3 In practice, one can just substitute |m, n = g n e ims in the difference equation to quickly obtain the algebraic equation for the amplification factor g. This yields equivalent results without having to deal with the integrals in the Fourier transform [32] . However, as mentioned earlier, the application of von Neumann stability analysis to difference equations of loop quantum cosmologies differs from its conventional applications in motivation. Unlike the case of difference equations approximating PDEs described above, there is no underlying differential equation in loop quantum cosmologies which the difference equation is supposed to approximate. However, we expect the solutions to approximate GR in the large volume and low curvature limit away from the Planck regime. Since the semi-classical solutions of the WheelerDeWitt theory approximate GR excellently in the infrared limit, we want that the semi-classical solutions of the loop quantum difference equations to approximate closely the solution of the Wheeler-DeWitt differential equations. We apply von Neumann stability analysis to the difference equations in loop quantized spacetimes in this context to understand whether at large volumes one obtains a good approximation to the Wheeler-DeWitt equation.
Consequently, there are some technical differences in the application of the method and the interpretation of results in loop quantum cosmologies. In the standard application of von Neumann analysis, the difference equation is expected to approximate the differential equation in the limit of vanishing discretization parameter. However in loop quantum cosmologies, the discreteness in variables emerges from the underlying discreteness of the quantum geometry. The underlying Planck scale discreteness of the quantum spacetime is fixed and there is no freedom to change it to improve numerical efficiency or to take the limit of vanishing discretization. In fact, we expect the difference equation to depart radically from the differential equation in the Planck regime due to quantum gravity effects. We thus use the von Neumann analysis in loop quantum cosmologies only in large volume limit where the discreteness scale can effectively be ignored. This is also the limit in which we expect the difference equation to approximate the Wheeler-DeWitt equation. Further, we are interested in analyzing the behavior of the von Neumann amplification factor with respect to volume, i.e. the spatial coordinates, thus the Fourier transform is performed in φ, the massless scalar field which acts as the internal time coordinate. This is in contrast to the standard application of the method where the Fourier transform is performed in spatial coordinates and the amplification factor relates solutions from one time step to the next. Also note that the von Neumann analysis is conventionally only meant for difference equations with constant coefficients. One can apply this method to difference equations with variable coefficients, as is usually the case in loop quantum cosmologies, using the frozen coefficient approximation. In this approximation, stability is considered in a small neighborhood where the coefficients in the PDE can be considered to be constant.
Von Neumann analysis has been studied in standard LQC for various settings (for a review see Ref. [12, 13] ). It was first used in Refs. [4, 5] , and has been applied to study difference equations in anisotropic models [6] [7] [8] [9] [10] and black hole spacetimes [14, 15] . It is interesting to note that several phenomenological problems with some of the LQC quantizations such as µ o prescription in presence of matter violating strong energy condition [16] , can be independently deduced from the stability analysis. The instability of quantum difference equation reveals many details which confirm phenomenological problems as well as constraints on the solutions in the physical Hilbert space [13] . In the following, we will use these techniques to understand properties of finite difference equations arising in modified loop quantum cosmologies.
III. VON NEUMANN STABILITY ANALYSIS OF mLQC-I QUANTIZATION
In mLQC-I one quantizes the expression (2.5) for the Lorentzian term using the relations (2.12) and (2.13) to express the extrinsic curvature in terms of the holonomies. This results in a fourth order difference equation whose von Neumann stability for µ o andμ prescriptions will be studied in the following. We will consider cases with massless scalar field, and of massless scalar field with a cosmological constant. These two cases span the entire range of the weak energy condition for matter content, and in LQC provided important insights on the viability ofμ quantization and the limitations of the µ o approach. We will find in Sec. III A that the difference equation turns out to be stable in the µ o scheme if we are only considering free scalar field as our matter Hamiltonian. However, when we add a positive cosmological constant to the matter Hamiltonian (discussed in Sec. III B), it becomes unstable. This shows the limitation of the µ o scheme in mLQC-I quantization. We will find in Sec. III C and III D that the mLQC-I in theμ scheme is von Neumann stable for both the scalar field case as well as the case when a positive cosmological constant is included. This provides a strong hint for the viability of this scheme in general.
A. mLQC-I with scalar field in the µ o scheme
The difference equation for this quantization of the FLRW model in the µ o scheme was first derived in Ref. [31] in the triad basis, where it was analyzed for the vacuum case. Here we outline the derivation of the difference equation below. In the interest of maintaining uniformity of notation in this manuscript, we will follow the notation used in [17] .
In order to obtain the operator for the Euclidean term, we first write the expression (2.4) in terms of holonomies using the expressions (2.8) and (2.9). We elevate the volume and the holonomies to operators and obtain the expression for the Hamiltonian constraint operator in the µ o scheme. The operator form of the Euclidean part can be shown to be:
1) where we have omitted the hats on the operators for brevity. We require eqs. (2.12) and (2.13) in addition to (2.8) to express the Lorentzian term (2.5) in terms of holonomies, which yields
where we have defined the operator B = [H E,µo , V ]. The resulting action of the Hamiltonian constraint is given by
Using the operators for H E,µo and T µo as mentioned above, we obtain the following difference equation,
where we have used the following abbreviated notation, 8) and the coefficient B(n) given by [23] ,
Above, Q 1 and Q 2 are following constants:
10)
(3.11)
We are now set to perform the von Neumann analysis. For this we use the following ansatz:
Using this ansatz in the above difference equation, we obtain a polynomial equation for the amplification factor,
In the large volume limit, the above polynomial equation reduces to,
where R := (1 + γ 2 )/4γ 2 . The above equation has four roots which come in pairs. Two of them are real and both equal to unity. And the other two are a complex pair of roots (γ − i)/(γ + i), (γ + i)/(γ − i) which are complex conjugate of each other. All the roots are of unit magnitude, so the difference equation in this case is von Neumann stable in the large volume limit. In contrast, difference equation in µ o quantization for massless scalar field in LQC results in two roots of unit magnitude. Though unit magnitude of roots signals viability of quantization, we should be careful in reaching any conclusion as it is important to test the viability by inclusion of other matter such as cosmological constant which we consider in the following. To test the viability of any scheme we must explore different choices of matter content. The main drawback of the µ o scheme in LQC resulted from including matter which violates strong energy condition [16] , which is best understood by inclusion of a positive cosmological constant. To understand the viability of µ o scheme in mLQC-I, we consider a matter Hamiltonian with a positive cosmological constant,
The difference equation resulting from quantum Hamiltonian constraint then becomes,
Using the ansatz (3.12), this difference equation at large volume reduces to the following polynomial equation for the amplification factor:
The roots of this equation in Planck units become,
where R 1 := 32 √ 3π 2 γ 2 (1 + γ 2 ). In the limit of vanishing Λ, we get back the roots of equation (3.14). The pair g 1 , g 2 corresponds to the pair of real roots in equation (3.14) , and the pair g 3 , g 4 corresponds to the complex pair of roots. Note that the roots depend on the combination Λn and not just Λ. In order to analyze the stability of the underlying difference equation, we consider the behavior of the absolute value of the roots as a function of Λn, shown in Fig. 1 . We see that one of the roots from each pair, namely g 2 and g 4 have magnitudes larger than unity for values of Λn exceeding a certain finite value. For any given value of Λ, the combination Λn can be made as large as desired by choosing a large enough volume, such that two of the roots have magnitude larger than unity and each of the pair of roots is problematic. Thus we conclude that the difference equation for mLQC-I in the µ o scheme is von Neumann unstable in the presence of a positive cosmological constant. Since none of the pair of roots above results in von Neumann stability, this is a strong evidence that this quantization in µ o scheme is physically non-viable in presence of a positive cosmological constant at large volumes.
C. mLQC-I with scalar field in theμ scheme
Problems of µ o scheme in LQC, like the one we just encountered above, were resolved in theμ quantization. In mLQC-I, the difference equation for this case has been obtained in Ref. [17] for lapse N = 1, and in Ref. [18] for lapse N = 2V . The von Neumann stability analysis in both these cases leads to the same equation for the amplification factor g in both scenarios -when only scalar field is present as well as in the presence of a positive cosmological constant. Here we provide details for only one of them, the one with lapse N = 1 in the notation used in Ref. [17] . The expression for the Euclidean and Lorentzian part of the Hamiltonian constraint inμ scheme can be written as follows: where we have retained the factor ordering used in Ref. [17] . Note that 1/μ 3 now acts as an operator and is proportional to the volume operator. The pre-factor of constants in the operator for the Lorentzian term is different than in the µ o scheme because of the difference in equations (2.15) and (2.16).
As discussed in the previous section, the natural choice of basis states in theμ scheme is the volume representation. The Hamiltonian constraint in this case leads to the following difference equation [17] , 22) where the coefficients are given by,
(3.26)
(3.28) 29) and C 1 , C 2 and C 3 are constants given by, Using the ansatz: 33) the von Neumann stability analysis results in the following polynomial equation for the amplification factor g:
which is exactly the same as equation (3.14) . As discussed earlier, this equation has two pairs of roots, two real and two complex, all having magnitude unity. Thus, the difference equation is von Neumann stable. We discuss below whether the difference equation in mLQC-I for theμ scheme is stable even when we add a positive cosmological constant to the matter Hamiltonian.
D. mLQC-I with scalar field and a positive cosmological constant in theμ scheme
As noted before in Sec. IIIB, adding a positive cosmological constant to the matter part modifies the matter Hamiltonian as per equation (3.15). This will lead to a modification of the difference equation, which in this case becomes,
Using the ansatz (3.33), the above difference equation results in the following polynomial equation at large volumes,
where Λ f,I := Λ/Λ c,I , and Λ c,I is the critical value of the cosmological constant, which is κ times the critical energy density in mLQC-I. The critical density is the maximum value of energy density in effective dynamics given by 3/(32(γ 2 + 1)πGγ 2 ∆) [17, 20] . The above equation has two pairs of roots,
The pair (g 1 , g 2 ) and (g 3 , g 4 ) reduce to the real and complex pair of roots of equation (3.14) respectively when Λ vanishes. As per the analysis of effective dynamics of mLQC-I inμ scheme Ref. [20] , the Friedmann equation in this case implies that the energy density cannot exceed the critical value of energy density, which in turn implies that Λ f,I can only vary from 0 to 1. Thus, the difference equation is expected to become unstable for Λ f,I > 1. As shown in Fig. 2 , the magnitude of the roots remains unity in the whole range 0 ≤ Λ ≤ Λ c,I , and two of the roots, one from each pair, indeed become greater than unity for Λ ≥ Λ c,I . We conclude from this section that the difference equations of mLQC-I, which were found to be unstable in the µ o scheme for scalar field with a cosmological constant, are stable in theμ scheme. This rules out the µ o scheme in favor of theμ scheme for this particular quantization. Theμ scheme in mLQC-I resolved the problems at large volumes of the µ o scheme in a very similar way as in LQC. 
IV. VON NEUMANN STABILITY ANALYSIS OF mLQC-II QUANTIZATION
In mLQC-II, the departure from standard LQC arises in using eq. (2.6) to express the extrinsic curvature in terms of the connection and obtain the expression (2.7) for the Lorentzian term. The quantization of the resulting Hamiltonian constraint leads to a quantum theory for the FLRW universe that yields qualitatively different physics than mLQC-I. An exploration of the phenomenological features in the mLQC-II in theμ scheme has been carried out in Ref. [21] . A qualitative difference is that mLQC-II replaces the classical cosmological singularity by a symmetric bounce as in standard LQC, whereas the bounce is asymmetric in mLQC-I. Another important difference is that in mLQC-I one needs a non-trivial coupling between two branches in the gravitational phase space variable b conjugate to volume v to describe entire evolution, where as in mLQC-II one branch completely decouples and the physically relevant solution is described by only one of the branches [21] . This feature will become crucial in the following discussion.
We consider the von Neumann stability for the difference equations of mLQC-II obtained for both the µ o andμ schemes, where we note that the latter has been earlier obtained for this quantization in Ref. [17] . We find that one of roots of the fourth order algebraic equation for the amplification factor is always larger than unity. Due to this one may be prompted to incorrectly conclude that this quantization is unstable for both µ o andμ scheme. Note that unlike the case of µ o scheme in mLQC-I in presence of cosmological constant where one root in each pair of roots grew above unity, in the present case one of the pairs of roots is well behaved for theμ scheme with a massless scalar field, and a cosmological constant, and in µ o scheme with a massless scalar field. Thus, physical solutions constructed from the well behaved pair of roots would turn out to be stable in these three cases. This result is in synergy with the observations in effective dynamics of mLQC-II for theμ scheme where no departures from GR have been found at large volumes for the physically relevant branch even in presence of inflationary potentials [21] . As mentioned above, of the two mathematically allowed branches of b only one branch contributes to the physical solutions and the other is completely irrelevant [21] . If mLQC-II indeed was von Neumann unstable for thē µ scheme, it would have led to large departures such as a recollapse in the inflationary potentials for studies conducted in Ref. [21] . These results from completely different starting points suggest that the physically relevant branch in the effective dynamics of mLQC-II is linked with the pair of roots bounded by unity, and the unphysical branch with the other pair.
A. mLQC-II with scalar field in the µ o scheme To obtain the difference equation for mLQC-II, we only need to find out the operator for the Lorentzian termT given in (2.7), as the expression for the Euclidean term, the corresponding operator and its action on the triad states remains the same as mLQC-I which have been evaluated in the previous section. The operator for theT is given by,
(4.1) Its action on the triad basis can be easily calculated, and the resulting difference equation for the massless scalar field becomes,
For the von Neumann analysis, we use the ansatz,
which, at large volumes, reduces the above difference equation to,
The roots of this equation come in two pairs:
One pair consists of identical roots equal to unity. The second root from the other pair is clearly greater than unity. As discussed above, one should be careful in concluding that above behavior of roots signals a von Neumann instability. If the physical solutions are constructed from the pair of roots which are bounded by unity, then such solutions would not be problematic. This is confirmed by the phenomenological analysis of solutions in effective dynamics which show that the bounce is symmetric as in standard LQC [21] . We also note that in standard LQC, the roots for the corresponding case are just one pair which equal unity. This seems to indicate that the difference equation here has a sector which is similar in behavior to the standard LQC dynamics. 6) which leads to the following fourth order polynomial equation for the amplification factor:
The roots of the above equation in Planck units are,
where R 2 := 16π 2 γ 6 /3 √ 3. In the limit of vanishing Λ, the pair (g 1 , g 2 ) reduces to the pair (1, 1) of the roots in (4.5) of the equation without cosmological constant. The pair (g 3 , g 4 ) corresponds to the other pair of roots in (4.5). As the roots depend on the combination Λn, we plot their magnitudes as a function of this quantity in Fig. 3 . Unlike the case in Sec. IVA, now both the pair of roots are problematic for any given choice of cosmological constant. Thus, there is no suitable pair of roots which can allow a physically viable solution. At the level of effective dynamics, this means that even the branch which results in a physical solution will be problematic because of large departures from GR at large volumes. Thus, in the presence of a positive cosmological constant the µ o quantization in mLQC-II suffers the same fate as in LQC and mLQC-I. It is von Neumann unstable and physically non-viable.
C. mLQC-II with scalar field in theμ scheme
The difference equation for mLQC-II inμ scheme has already been obtained in [17] for lapse N = 1. Since the expression for the operator of the Euclidean part remains the same as in (3.20) , we give here the operator for the Lorentzian part,
The quantum difference equation obtained in this case in the volume representation is [17] , 
(4.14)
Using the following ansatz to do the von Neumann stability analysis, 15) we obtain the fourth order polynomial equation in g:
In the limit of large volume, this reduces to the equation,
This is the same as the equation obtained for mLQC-II in the µ o scheme in case of a massless scalar field in Sec. IVA. As already pointed out, we have two pairs of roots given in (4.5), and only the second pair has one root that is larger than unity, while the first pair has roots equal to unity. As in µ o scheme, if physical solutions can be constructed using the well behaved pair of roots then stability is guaranteed which is consistent with the analysis of effective dynamics in Ref. [21] .
D. mLQC-II with scalar field and a positive cosmological constant in theμ scheme
For the µ 0 quantization in mLQC-II, adding a positive cosmological constant resulted in von Neumann instability at large volumes. We now see the consequences inμ scheme, where adding 
This leads to the following equation for the amplification factor g in the large volume limit: 19) where Λ f,II := Λ/Λ c,II , and Λ c,II is the critical value of the cosmological constant which is equal to κ times the critical density in mLQC-II. The critical density in this case is 3(γ 2 + 1)/(2πGγ 2 ∆), which is the maximum energy density attainable as deduced from the effective dynamics of this model [17, 21] . The above equation has four roots,
The pair (g 1 , g 2 ) reduce to 1 in the limit Λ → 0. While the pair (g 3 , g 4 ) reduce to the second pair in (4.5) in the limit Λ → 0. Since the maximum value of the cosmological constant allowed is Λ = Λ c,II , we expect the difference equation to be unstable for Λ f,II > 1, which is indeed the case as is evident from Fig. 4 where we plot the roots as a function of Λ f,II . We note that the second pair of roots, which was problematic even in absence of cosmological constant and belonged to the unphysical branch of evolution, remains problematic. For this pair, one of the roots, g 4 is larger than unity for all values of Λ f,II . On the other hand, the first pair of roots has magnitude unity for Λ f,II ∈ [0, 1]. If physical solutions are constructed from this pair of roots then stability is obtained, which is consistent with results from effective dynamics on inflationary potentials [21] . Recall that the difference equation was unstable in the µ o scheme when we included a positive cosmological constant in mLQC-II. In that case, both the pair of roots were problematic and there would be no physically viable solution. This rules out the µ o scheme for mLQC-II and indicates that theμ scheme is the right choice for mLQC-II quantization.
V. SUMMARY
The von Neumann stability analysis has proved to be quite useful in gaining insights on the viability of loop quantum cosmological models at infra-red scales. Quantization of Hamiltonian constraint in these models result in a quantum difference equation which is expected to approximate the differential Wheeler-DeWitt equation at large volumes. Since the solutions of Wheeler-DeWitt equation at large volume capture those of GR, an agreement between solutions of loop quantum difference equations and Wheeler-DeWitt equation ensures that GR is recovered in large volume limit from loop quantum cosmological models. As an example, the µ o scheme in LQC (where µ o is a numerical constant) or old LQC [3, 22] is von Neumann unstable in presence of positive cosmological constant [13] . This instability reveals itself at the level of effective dynamics in terms of an unphysical recollapse of an inflating universe at large volumes [16] , and in undesirable properties of eigenfunctions [29] . On the other hand, for theμ scheme (or the improved dynamics), the quantum difference equation is stable even in presence of positive cosmological constant till the corresponding energy density reaches the maximal allowed value in Planck regime [11, 13] . The problems with von Neumann stability of quantum difference equation and undesirable phenomenological implications are inter-linked, presence of one often signaling existence of the other.
In this manuscript, we performed the von Neumann stability analysis of the difference equations in mLQC-I and mLQC-II quantizations of the spatially flat FLRW model in the µ o andμ schemes. The mLQC-I and mLQC-II quantizations result from quantization ambiguities in obtaining quantum Hamiltonian constraint which yield qualitatively different physics from standard LQC. In particular, the quantum Hamiltonian constraint in both of these quantizations results in a finite difference equation which is of fourth order, unlike the second order equation in LQC. Using von Neumann stability analysis a fourth order polynomial equation for the amplification factor is found at large volume which results in two pairs of roots. Analyzing µ o andμ schemes for mLQC-I and mLQC-II quantizations we explored which of the choices leads to a viable prescription for matter content which is massless scalar field, and massless scalar field with a positive cosmological constant. Such a choice of matter ensures that the entire range of equation of state from positive unity (massless scalar) to negative unity (cosmological constant) is explored. Thus, one can reach conclusions for stability of the quantum difference equation for matter satisfying weak energy condition.
We found that the difference equation in mLQC-I for the µ o scheme is von Neumann stable if we have a scalar field as matter. However, it is unstable if we also include a positive cosmological constant in the matter Hamiltonian as two of the roots, one from each pair, exceed unity. On the other hand, the difference equation for mLQC-I is stable in theμ scheme even after including a positive cosmological constant in the matter Hamiltonian as none of the four roots exceed unity in this case. The effective dynamics of mLQC-I for inflationary potentials has been recently studied in detail in Ref. [21] , and the results found here are in synergy.
Unlike mLQC-I, we found that in mLQC-II, one of the roots from a pair always exceeds unity. However, one pair yielded roots which equaled unity for the case ofμ scheme with a massless scalar field, and with a cosmological constant, and µ o scheme with a massless scalar field. Physical solutions constructed from this pair of roots would reliably capture classical solutions at large volumes. Here phenomenological insights obtained from the analysis of effective dynamics of mLQC-II model [21] turn out to be very useful. In the latter study detailed investigation of mLQC-II effective dynamics with inflationary potentials reveals no departures from GR at large volume or an unphysical recollapse which is a hallmark of associated von Neumann instability. Thus, care must be exercised in concluding about von Neumann instability from just one pair of roots. We noted that the phase space of mLQC-II is divided into two branches each having its own Friedmann and Raychaudhuri equations. While in mLQC-I, both the sets of Friedmann and Raychaudhuri equations (i.e. both branches) are needed to describe the complete phase space trajectory, the two branches decouple in mLQC-II and only one of the branches corresponds to the complete physical evolution in case of mLQC-II. The other branch leads to unphysical evolution in mLQC-II. These results indicate that the physically relevant branch corresponds to the pair of roots which equal unity in von Neumann stability analysis. For the case of massless scalar field, we found that mLQC-II is von Neumann stable in µ o scheme. However, in µ o scheme, the quantum difference equation becomes unstable when a positive cosmological constant is included in the matter Hamiltonian. This is because in this case both the pairs of roots have a root which grows greater than unity at some large volume. Thus, no physically viable solution is possible for the µ o scheme. As in the case of mLQC-I, thē µ scheme turned out to be stable in absence and presence of positive cosmological constant for mLQC-II.
In summary, using the von Neumann stability analysis we found out that the µ o scheme is unstable in both mLQC-I and mLQC-II when cosmological constant is included. Thus, the µ o scheme is phenomenologically ruled out for modified LQC, as was the case for standard LQC. However, theμ scheme gives stable difference equations for both mLQC-I and mLQC-II in presence of cosmological constant, pointing to necessity as well as robustness of improved dynamics, first introduced in Ref. [2] , for modified loop quantum cosmologies.
